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Empirical observations in marine ecosystems have suggested a balance of biological and advection
time scales as a possible explanation of species coexistence. To characterise this scenario, we mea-
sure the time to fixation in neutrally evolving populations in chaotic flows. Contrary to intuition the
variation of time scales does not interpolate straightforwardly between the no-flow and well-mixed
limits; instead we find that fixation is the slowest at intermediate Damko¨hler numbers, indicating
long-lasting coexistence of species. Our analysis shows that this slowdown is due to spatial organi-
sation on an increasingly modularised network. We also find that diffusion can either slow down or
speed up fixation, depending on the relative time scales of flow and evolution.
PACS numbers: 87.23.Cc, 47.54.Fj, 89.75.Hc, 05.40.-a
Introduction. How biological systems maintain
species coexistence is still far from understood.
Gause’s exclusion principle suggests that two species
competing for the same resources cannot coexist in
the long term [1, 2]. Explanations of the biodiver-
sity observed in real-world ecosystems often involve
a combination of spatial separation and local inter-
action. Niches form, hosting different species at dis-
tinct locations. Species coexistence is however also
found in stirred and seemingly homogeneous oceanic
systems [3]. Horizontal mixing and turbulent flows
have been offered as possible explanations, supported
by theoretical models [4–8] and satellite observations
of chlorophyll concentrations off the coast of South
America [9, 10]. Broadly speaking a flowing medium
generates stable niches, spatially separated, and suf-
ficiently long lived to let individual organisms thrive.
This naturally raises the question of time scales. The
flow must be strong enough for the heterogeneity to
be biologically noticeable. On the other hand stir-
ring must not be too quick, as premature mixing
would impede coexistence. Several studies suggest
that patchiness in plankton populations is related to
the Damko¨hler number characterising the ratio be-
tween the time scales associated with the flow and
the biological processes respectively [5, 6, 11].
Theoretical models have been used to study the dy-
namics of species coexistence in flowing environments
[6–8, 12–16]. Some of this work focuses on the emerg-
ing spatial structures, including the formation of fil-
aments in chaotic flows [4, 5, 17]. Only a relatively
small number of studies have systematically investi-
gated the role of the time scales governing advection
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and evolution, see e.g. [5, 7, 8]. The aim of our work
is to address this gap, and to use a stylised model
to determine how long coexistence is maintained at
different Damko¨hler numbers.
Each individual in our model belongs to one of two
species; these particles are advected by a chaotic
flow. Our analysis focuses on the mean time until one
species is eliminated, known as the time to fixation
in genetics and evolutionary biology [18, 19]. In each
evolutionary step one particle is selected for removal,
and a randomly chosen particle in its vicinity repro-
duces, similar to dynamics of the well-known voter
model (VM) [20]. Neutral models of this type have
been used in ecology, but also in the context of opin-
ion dynamics and language evolution, for examples
see [21, 22]. The combination of a finite interaction
range and the underlying flow leads to a constantly
changing interaction network. Adaptive networks in
existing studies of VMs typically evolve through a
process of rewiring, driven by the individuals at its
nodes [23, 24]. In contrast, the network in our model
is shaped by the flow. The positions of the parti-
cles are not constrained to a discrete lattice, and a
heterogeneous network can form, distinguishing our
work from that of [4].
Varying the Damko¨hler number interpolates between
two extremes: a static network in the limit of in-
finitely fast evolution, and an effectively well-mixed
system for very fast flow. Fixation times in simple
well-mixed systems can be obtained analytically with
tools from statistical physics, and it is well known
that fixation in the VM happens much sooner in a
well-mixed situation than in static networks [25, 26].
Surprisingly, our analysis shows that the interpola-
tion between these regimes is not necessarily mono-
tonic; fixation can be slowest when the time scales
of flow and evolution balance. This indicates that
ar
X
iv
:1
60
8.
05
16
6v
1 
 [q
-b
io.
PE
]  
18
 A
ug
 20
16
2moderate stirring can maintain species coexistence
for longer than complete mixing or the absence of
any flow.
Model. The model describes a population of N indi-
viduals in a two-dimensional domain [0, 1]2 with peri-
odic boundary conditions. The size of the population
is constant. We write xi(t) and yi(t) for the coordi-
nates of particle i. At each time, each particle can
be in one of two states, σi(t) ∈ {0, 1}, representing
the species the individual belongs to. The key com-
ponents of the model are (i) a flow field advecting
the particles, and (ii) the evolutionary birth-death
process. The aim of our work is not to study the
detailed effects of different chaotic flows. Instead we
choose a periodic parallel shear flow as a simple rep-
resentative, displaying repeated stretching and fold-
ing and mimicking turbulent flow [27–29]. The indi-
viduals are treated as Lagrangian particles; we write
x˙i = s1(xi, yi, t), y˙i = s2(xi, yi, t), where the quanti-
ties x˙i and y˙i are derivatives with respect to t. During
the first half of each period the shear flow is given by
s1(xi, yi, t) = V0 sin[2piyi + φ], s2(xi, yi, t) = 0. (1)
We choose a period of one, V0 sets the flow velocity.
During the second half of each period one has
s1(xi, yi, t) = 0, s2(xi, yi, t) = V0 sin[2pixi + φ]. (2)
The phase φ is drawn at random from a uniform dis-
tribution over [0, 2pi) for each period. These equa-
tions of motion are integrated by standard methods.
We compare the outcome for this structured flow with
that of entirely random diffusion
x˙i = ξi, y˙i = ηi, (3)
where the ξi, ηi are independent Gaussian processes of
mean zero. We also consider interpolations between
structured flow and random diffusion,
x˙i =
√
1− α2s1 + αξi, 0 ≤ α ≤ 1, (4)
and similar for y˙i. The amplitude of the noise flow
is chosen such that the root mean square velocity is
constant for all α, i.e.,
〈
x˙2i + y˙
2
i
〉1/2
= V0/2, with
〈· · ·〉 a spatial average.
Interaction between particles occurs within a radius
δ. For given particle positions this defines an inter-
action network. Particles reside at the nodes of the
graph, and two particles are connected by an edge
whenever their Euclidean distance is at most δ. Writ-
ing the population size as N = n2 is particularly con-
venient when the initial positions form a regular n×n
lattice, embedded in the spatial domain [0, 1]2. It is
then useful to write δ = R/n; R > 0 measures the
interaction radius in units of lattice spacings. The
birth-death dynamics begins at the same time as the
flow, and proceeds as follows: in each microscopic
step we select one particle, i, at random for removal.
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FIG. 1: (Color on-line). Fixation time as a function of
Damko¨hler number (average over 1000 runs). The ini-
tial network is a square grid (n = 30), particles types
are assigned at random initially with equal probability.
Dot-dashed line is τ = 5Da, dotted line τ = 0.01Da, see
text. Model parameters are R = 1.5, V0 = 1.4. Inset:
Damko¨hler number for which fixation takes the longest,
for different mixtures of structured flow and noise flow
[Eq. (4)].
Of all particles within radius δ around i one particle
j is selected at random for reproduction. This re-
flects neutral selection. The offspring is of the same
type as its parent, and is placed at position (xi, yi).
Effectively particle i has adopted state σj(t). This
corresponds to the well known voter model [20], al-
beit on a dynamic network shaped by the flow.
The relative time scales between flow and evolution
are controlled by the Damko¨hler number Da. We ex-
ecute one sweep of N microscopic evolutionary steps
every 1/Da units of time, t. The quantity Da is the
average number of reproduction events each particle
undergoes per unit time. We write τ = Da t for the
number of evolutionary sweeps by t.
Except for static networks with several disconnected
components, the evolutionary dynamics will eventu-
ally come to an end when all particles are of the same
type. This process occurs through the formation of
domains of particles of the same type. These domains
gradually coarsen until one domain extends across the
entire system; the surviving species has reached fixa-
tion. Our main interest is the time it takes to reach
this state.
Results. Our principal result is shown in the main
panel of Fig. 1. Starting from a regular grid we have
measured the time to fixation, τC , as a function of
the Damko¨hler number. Consistent with the intuitive
expectation the limits of small and large Damko¨hler
numbers reproduce results for the well-mixed and no-
flow cases respectively (τC/N = ln 2 for the well-
mixed system [26]; τC/N ≈ 1.19 from simulations
on a static 30 × 30 lattice, R = 1.5). Intriguingly,
however the interpolation between these limits is not
monotonic; we observe a maximum in time to fixation
at intermediate Damko¨hler number. This is found for
the shear and the noise flow; the location of this max-
3FIG. 2: (Color on-line). Examples of the interaction network. Node color (shading) represents the two species. Panels
(a)-(c) show snapshots for the structured flow (α = 0); flows in (d) and (e) contain noise as indicated; Da = 104 in (d)
and (e). The order parameter ρ takes values 0.34, 0.50, 0.80, 0.59, 0.41 in panels (a)-(e) respectively. Parameters and
initial conditions as in Fig. 1; snapshots taken at τ = 200.
imum varies with the interpolation parameter α, see
the inset of Fig. 1. It is these observations that we
seek to explain in the following.
Interpretation. The data for the shear flow in Fig. 1
shows that the time to fixation is that of the no-
flow case for Damko¨hler numbers above ∼ 105. The
following order-of-magnitude calculation helps to de-
velop physical insight. The network changes indepen-
dently of the evolutionary dynamics. For the param-
eters in Fig. 1 first significant departures from the
regular grid are seen at td ≈ 0.01 [30]. Moreover,
τC/N ≈ 1 for all Damko¨hler numbers. Using this
and N ≈ 103 leads to tC = td at Da ≈ 105. We con-
clude that fixation is reached for Da & 105 before the
shear flow has noticeably distorted the initial grid;
the fixation time is that of the VM on a static two-
dimensional lattice (R = 1.5) as indicated in Fig. 1.
The network evolves indefinitely, but will eventu-
ally reach a dynamic stationary state. For the shear
flow we have measured the half life of edges as t` ≈
0.5 − 0.9. For N = 900 particles the graph typi-
cally contains a few thousand links. Applying again
a rough argument, we estimate that the majority of
links will have undergone changes after about ten half
lives. On those time scales we expect a renewal of the
entire network, broadly consistent with the observa-
tion that link density and clustering coefficient reach
their stationary values at t? ≈ 5 [30]. The dot-dashed
line in Fig. 1 indicates this time scale in evolutionary
units, τ? = Da t?. As seen in the figure τ? ≈ τC at the
point of maximal slowdown. Using again τC/N ≈ 1
and t? = 10 for an order-of-magnitude estimate we
find Da ≈ 102 as the point at which evolution and
network renewal occur on the same time scale, con-
sistent with the location of the maximum.
The following physical picture emerges. At very slow
flow, Da & 105, the evolutionary process effectively
happens on the network set by the initial condition.
At Damko¨hler numbers just below Da = 105 the
coarsening dynamics occurs on a slowly changing net-
work, with only minor distortions from the initial
grid, see Fig. 2(a) for an example. For 102 . Da .
105 the birth-death dynamics proceeds adiabatically
on a changing network, advected by the flow from
the initial grid towards more disorder. This leads
to a slowdown of fixation. As a control experiment
we have simulated the VM on the largest connected
component of static networks obtained by applying
random displacements of the order of the lattice spac-
ing to the nodes of the grid. This disorder increases
the time to fixation. The reason for this slowdown
is a spatial organization on an increasingly modu-
larised network. For the advected case this can be
seen in Fig. 2(b); patches of particles of the same type
are found, broadly corresponding to highly-connected
modules of the network. Coarsening occurs at the
interfaces of domains, and the relatively low connec-
tivity between patches hinders fixation.
To quantify this spatial organisation we measure the
fraction m of type-1 particles in the system and the
probability that a randomly chosen link connects two
particles of opposite types, i.e., the fraction of active
links, ρa. We then compute
ρ =
ρa
2m(1−m) . (5)
The denominator is known as the heterozygosity in
genetics [15], and represents the probability that two
individuals chosen at random without regard of the
network are of opposite types. Fig. 3(a) shows that
the order parameter ρ initially decreases in the birth-
death processes, as spatial domains form. It reaches
a plateau before fixation; the numerical value of ρ at
the plateau is an indicator of the spatial organisa-
tion in this quasi-stationary state. In absence of any
spatial correlation one would find ρ = 1; smaller val-
ues indicate clustering of particles of the same type
on neighbouring nodes in the network, as shown in
Fig. 2(b). As seen in Fig. 3(b) maximal spatial organ-
isation occurs for intermediate Damko¨hler numbers,
Da ≈ 102. This clustering slows down the coarsening
process, consistent with the maximum observed for
the time to fixation in Fig. 1.
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FIG. 3: (Color on-line). (a) Order parameter ρ [Eq. (5)]
as a function of time, τ , measured in sweeps. Data are
averages over samples that have not yet reached fixation.
(b) Plateau value of ρ for different Damko¨hler numbers,
obtained as a time average of ρ in the interval 200 < τ ≤
500. Model parameters and initial conditions as in Fig. 1.
We next discuss the regime of fast flow. For Da . 102,
the network is no longer quasi-static on the time scale
of the birth-death dynamics. The graph is still disor-
dered at any one time, but the evolutionary dynamics
cannot organise on the rapidly changing graph. This
is seen in Fig. 2(c), where the extinction process has
advanced, but where the minority species is scattered
across the network. Hence the plateau value of the
order parameter ρ is increased (Fig. 3). For very fast
stirring the network changes so quickly that parti-
cles effectively interact with partners newly sampled
at random from the entire population at each evolu-
tionary event. We recover the consensus time of the
well mixed VM, see Fig. 1.
Noise flow. For pure noise flow the survival time of a
link is t` ≈ 10−3; equilibration of the network occurs
at t? ≈ 0.01. This indicates a speed-up of network
turnover compared to the structured flow, as intu-
itively expected. The shear flow is relatively coher-
ent and parallel to the axes. In the noise flow particle
movements are uncorrelated, implying faster mixing.
Comparing panels (d) and (e) in Fig. 2 against panel
(a) demonstrates this; these three snapshots are all
taken at t = 0.02. In-line with the speed-up the max-
imum fixation time is found at Da ≈ 105 for the noise
flow, see Fig. 1. The data reveals an interesting effect;
adding Brownian noise to the structured flow can ac-
celerate fixation at Da ≈ 100 − 103, but leads to a
slowdown of fixation at higher Damko¨hler numbers,
Da ≈ 104 − 106.
Role of the initial network. Focusing on the struc-
tured flow we have tested different initial networks,
displacing the nodes of a regular grid by random
amounts in [−b, b]. For Da . 102 the flow is suffi-
ciently fast to wash out the initial condition before
the population reaches an absorbing state; as seen in
Fig. 4 the fixation time is not affected by the random
displacements. For Da & 102 the initial network.
Adding disorder to the initial grid increases the fixa-
tion time. A similar effect can be obtained by starting
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FIG. 4: (Color on-line). Role of the initial network. Main
panel: Average fixation time for initial networks obtained
from a square lattice by random displacements of magni-
tude b. Inset: Order parameter ρ before fixation. We
also show data from simulations in which all particles are
initially placed in a ball of diameter δ.
the flow from a regular grid, but initiating the evo-
lutionary dynamics only after some transient time.
This highlights the role of the flow in generating a
modular network. Moderate flow can slow down fix-
ation if the evolutionary dynamics starts from an or-
dered grid. This slowdown is due to the disorder gen-
erated by the flow. If the initial graph already con-
tains sufficient disorder the flow does not create any
additional modularity. It mainly stirs the nodes re-
sulting in a monotonic reduction of fixation time with
increased flow. An interesting numerical experiment
can be performed by initially placing all particles in-
side a ball of diameter δ. This describes the situation
of a densely populated colony, and constitutes a well
mixed system in the no-flow limit. For very fast flow
the system will effectively be well mixed as well. In ei-
ther of the two limits the fixation time is τC = N ln 2.
As seen in Fig. 4 the interpolating behaviour is again
non-monotonic, with significant slowdown of fixation
at intermediate Damko¨hler numbers.
Conclusions. We have studied the effects of a chaotic
flow on a simple birth-death process in a finite popu-
lation. The flow generates a dynamic interaction net-
work, and genetic drift eventually leads to fixation of
one species. If the initial particle positions form an
ordered structure a slowdown of fixation occurs at
intermediate Damko¨hler numbers. Species can coex-
ist the longest when the speed of network turnover
is comparable to that of the macroscopic evolution-
ary process. This balance of time scales is in-line
with proposed explanations of biodiversity [9, 10].
We show that the effect in our model is due to het-
erogeneity in the interaction network, generated by
the flow. We have also tested a scenario in which
an initially dense population is placed into a flow-
5ing medium (Fig. 4), and another in which a small
group of mutants with a fitness advantage invades a
resident population [31]. Results again indicate that
species coexist the longest at intermediate Damko¨hler
numbers. This suggests that the slowdown effect is
robust, and that it may persist in less stylised mod-
els of marine and atmospheric ecologies with multiple
time scales.
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